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Corresponding relation

Deep neural network < > Renormalization group method

(Non-canonical renormalization) (Canonical)

Interpret
Data:
@ One dimensional Ising model on finite lattice

@ A class of continuous data from the exponential family
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@ Deep Neural Network (DNN)

e Structure
e Loss function and training algorithm
o Interpretability

@ Renormalization group method

o |dea and conditions
o Real space RG on Ising model
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Deep neural network

@ Deep Neural Network (DNN): The most widely used machine learning
models today. Have shown excellent performance in various fields such as
computer vision, natural language processing, speech recognition and
synthesis, recommendation systems, finance, bioinformatics, etc.

@ Characteristic: Strong feature extraction capabilities on large-scale
datasets.
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Deep neural network

@ Fully connected neural network: Every two neurons are connected
between two adjacent layers.

Output Layer

Hidden Layer

Hidden Layer
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Figure: Structure of the fully connected neural network
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Training process

@ Loss function: F denotes neural network,
1 * *
L(W) = || F(W) — F(W )3 + AW — W*[|3.

W*: the unique optimal point of parameters, L(W*) = 0.

@ Back propagation: find the derivative of the loss function with respect to
the network parameters.

@ Stochastic optimization algorithm :Simulated annealing, Stochastic
gradient descent (SGD) and its variants.
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Simulated annealing

Continuation of simulated annealing (Stephan, Hoffman, Blei, 2017):

daW'" = —VL(W)dt + /ndB"Y, 0.
WO Py (W),

Mainly according to (Holley, Kusuoka, Stroock, 1989), we have:

Assume that loss function L(W)>0, W tc[0, +oc) satisfy the equation
above, L(W) has unique global minimum point W = W* and L(W™*) = 0.
Then there exists function 7, of t, s.t. for § > 0:

P(L(WD)>8)<e(8, t).

Where €(6, t)—0 when t—o0.
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Interpretability

@ Definition: The capability of providing explanations for the model's
decision outcomes and the internal mechanisms that lead to those
decisions, aligning with human reasoning processes.

@ Significance
o (1) Safety

e (2) Human trust in the model

@ Limitations of current research: Mainly targeting a specific application
problem or model structure.
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Renormalization group method (RG)

First proposed by Kadanoff in 1966, and then developed by Wilson.

Phase transitions and critical phenomena

Idea of RG

e Microscopic variables = macroscopic properties

e Ising model: coarse graining procedure
continuous models: scaling transformation

Condition: The state function and its functional form with respect to
characteristic parameters must remain unchanged: same physical system.
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RG of one dimensional Ising model

Hamiltonian
N N
H = _JZZTTIH—I - hZ Zi.
i=1 i=1
J > 0: coupling constant, periodic boundary condition:
A
IN4+1=21-
The probability distribution and the partition function:

1 J N o h N o
]‘"'BT% _ iekBT Y= TiTip1t+ ipT =1 T

1 -
IP(I17I27-~~7$N):§€ T

N h N
T — 2 : 6]‘3% STt Zz’IH—ler STt
{zi}=+1
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RG of one dimensional Ising model

Renormalization transformation: coarse graining procedure

X1 X2 X3 X4 X5 Xg XN-1 XN

Figure: Coarse graining of Ising model
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RG of one dimensional Ising model

For convenience, we consider kgT = 1 and h = 0:

1
4(J)

{zi}==1

ISV . A
P(z1, 2, - -, Tn) = el Zi=1 il ge{41},i=1,2,- - -, N, anp1 21,

(1)

The renormalization transformation is (assume N = 2"):

N

@;:Im,i:LQ,"',i,

Zigeng Xia (Peking University) The Interpretability of DNNs Based on RG



Backgrounds

RG of one dimensional Ising model: canonical results

N
N o ISZ2 oz
Z(J) = Z e 2i=1 w1 Z oI ikt
{zi}==%1 {zj}==+1
Where Jy is a nonzero constant must be introduced, represents the non
singular part of the Hamiltonian. Then

Jo = g(log(4 cosh(2J)), J = %log(cosh(QJ))

J = %mg(cosh(zf)). 2)

From above equation J has two fixed point J* =0 and J* = oo, where J* =0
is the stable fixed point.
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Research status

@ The first notable work is that in (Mehta, Schwab, 2014) they constructs
a mapping between the variational renormalization group and restricted
Boltzmann machines (RBM).

e Variational renormalization group: a method to calculate

specifically the approximate RG transform according to the
restrictions of the free energy.
e RBM model:

Hidden units

Figure: Restricted Boltzmann machine
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Research status

Some other works based on (Mehta, Schwab, 2014):

@ (Iso, Shiba, Yokoo, 2018) Trained an RBM model on Ising model and
observed the temperature parameter of model converging toward a
critical point, demonstrating self-similarity akin to RG method at the
critical point.

@ (Caticha, 2019) Considered the infinite-depth limit, approximately
aligning neural networks with RG under continuous depth.

@ (Koch, Koch, Cheng, 2020) Compared the similarity between a layer of
RBM and a step of coarse graining in RG by computing the correlation
function< v;h; >between the visible and hidden layers.

@ (Erdmenger, Grosvenor, Jefferson, 2022) Compared the relative entropy
in real space RG coarse graining and neural network forward propagation
on Ising model.

@ (Shukla, Thakur, 2022) (Lahoche, Samary, Tamaazousti, 2022) Compared
RG with autoencoders, and principal component analysis (PCA).
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Our main improvements

@ (1): Conceptual illustration = Theoretically rigorous mapping

@ (2): The experimental analysis based on visual observation = A
theoretical proof of equivalence

@ (3): RBM models = general DNNs
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Problem

@ (1): How to construct the corresponding framework of DNN and RG.
Input data and output = physical systems

@ (2): With the above corresponding relationship, how to prove the
equivalence of DNN and RG on concrete data.

We discuss one dimensional Ising model on finite lattice and a class of models
obey the exponential family distribution.
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Main results

Fully connected neural network without hidden layers

’ ‘ ...... ‘ Output Layer
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Figure: Fully connected neural network without hidden layers
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Main results

Data and training algorithm

@ Input data: One dimensional Ising model on finite lattice:

JXN |z . a
]P)(l’l,l’g, ) Z'N) = € Li=1 LL1L+17I’5€{:|:1}7 1= 17 27 Y N7 IN+1=21,

Z(J) = Z o/ Ty wiwip1
{z;}==%1
@ Loss function:
wy_ 1 (N ) (9
LW =5 > [Z srw + spws) + -+ avuly) + b))
{zi}==%1 j=1
*f(zlwfj + Bawh; 4 - - - 4 Tvwi; + b))

M
+ )\ZZ D —wp)? + A;(b](t) — b))%
J=

=1 j=1

[\

@ Training algorithm: Simulated annealing.
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Main results

Method to construct the correspondence relation

Criteria:
@ (1) State function: partition function, value remains unchanged.

@ (2) Functional form of Hamiltonian with respect to the fundational part
of the system and the coupling constant remains unchanged.

Equation: Let y; = flz wh + xgw(t) +-- 4 ach(t) b(')) j=1,--- M,

Z(N=e"E| Z le,ij‘ilyijl]’ 3)
{zi}==+1
Hp= ¥ B
{zi}==%1

g(t) is a non-singular and non-stochastic function of time ¢ with g(0) = 0.
Correspondence relation: {z;}<{y;}, J&Ji, g(t)=Jo.
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Main results

2()=e""E| Z eJiZjﬂilyﬂlﬁl]’ (3)
{zi}==%1

Theorem 2 (Gong, X., 2024+; arXiv:2212.00005)

With respect to above network structure and training algorithm, n is chosen
according to Lemma 1, then 3g(t)€ C*°, s.t. when equation (3) holds for
te[0, 00), we have lim;,o J; = J* = 0. J* denotes the stable fixed point of J

in real space renormalization group of one-dimensional Ising model on finite
lattice.
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Main results

Conclusion

@ lim;, . Ji: macroscopic property of the output system in neural network

@ J*: macroscopic property of one dimensional Ising model on finite lattice,
calculated by real space RG

lim; oo J; = J*: two methods extract same macroscopic property
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Remarks

@ Generalize: stochastic gradient descent (SGD) algorithm

@ Stable fixed point: finite system, no phase transition
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Main results

Fully connected deep neural network

@ Network structure: Multiple hidden layers.

@ Loss function:

M
L) (L+1 L) (L+1 L) (L+1 L+1
LW,B) = > Do(u?w Y + ulP el w4 b))
{zi}=+1 j=1
e «(L) ](L+1)+u;«(L) FLAD gt (D) (D) +b*(L+1>)) ]

Wa, H;, Wh,j
L+1Hi—1 H; L+1 H
A

=1

B _ yy0y2 BO — pr0)2
> D (uy +2.2.
=1 1

j= =1 i=1
@ Training algorithm: Simulated annealing (©("£(W(® B(®)),

a0 = —vr(0")dt+ \/n;dB".
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Main results

Method to construct the correspondence relation

Output of the network (value in the last layer):

L) (L+1 L) (L+1 L) (L+1 LH1)y
yj:f(uﬁ)ng >+ug>w<2j )+~ +u() ;,Lj)—kb]( >),]:1,2,~~~,M.

Equation:

Z( =R S DY Yibi+1]. (4)
{o}=+1

Boundary condition:

L) (L+1 L+1) (L L+1 L+1)
f(u(l )wg,M+)1 + g )wé M1 Tt ) ;IL M)+1 + bg\/H—l )
L L+1 L+1 L L+1 L+1
=flut? w7 4 ol )+~ o+ g ) wig o+ 0).
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Main results

Z(N)=e" "R Z eJiZj‘Viwjyjﬂ]‘ (4)
{zi}==%1

Theorem 3 (Gong, X., 2024+; arXiv:2212.00005)

With respect to above network structure and training algorithm, n is chosen
according to Lemma 1, then 3g(t)€ C*°, such that when equation (4) holds for
t€]0, 00), we have lim; o J; = J* = 0. J* denotes the fixed point of J in real
space renormalization group of one-dimensional Ising model on finite lattice.
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Continuous distribution: exponential family

Exponential family of distributions:
P(x;0) = C(6) Xre1 = 0r Tr() W(x),x = (21,22, - -, an)ERY
Here we choose:
Tr(x) = (Z]Nk, kT + Z bjz;)",

Where ajt€R,j,k=1,---,Nand b;,j=1,---, N are constants, s.t. matrix
A = (ajx) symmetric and non negative definite. h(x)=1 and

1 - )"
O=ze*"= / eZrmr O (ke i B )" g,

the distribution density of the data is:

P(x; 0) = zte) X1 O ity B i)
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Transformation of the data

Transform the distribution of data into a form of Landau-Ginzburg-Wilson
Hamiltonian (Zinn-Justin, 2007).

@ (1) First through the transformation z; = z; + f;,7 =1, - -, N, change the
Hamiltonian into a polynomial with only even terms using undetermined

coefficients.
S )
QipTiTE) .
=1 k=1 "

@ (2) Transform the quadratic form into a diagonal form.

N

Z ; ;
Al LT, = g iYi -
o IR i:l’uly’

@ (3) Transform the Hamiltonian into translation-invariant form through
dilation:

xH = Ziler(Z:kzlajmjzk)r _ Ziler(zllyf)r.
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Main results

RG on continuous field

Continuous field o(z) defined on R", Hamiltonian of the system:
I (o) = #(0(x)), zeR".
The probability of a configuration o satisfies
P(o)oce (),

The partition function of the system is:

Z(H) = / e do],

(where [do] is only a formal sign since the uniform measure does not exist on
the field space), the n—points correlation function is:

& (0(0).0(), 0 (@) 2 5 [a(an)o(@)-olan)e ™ do).
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Main results

RG on continuous field

RG transformation: dilation parameter A, (o) is the Hamiltonian under
transformation.

Hr=1(0) = ¥ (o).
Criterion: renormalization group equation (RGE) based on correlation function.
?in)(a(gm),a(at&)7 o o(zN)) — Tg()‘)?(")(a(kzl)m()\m), o o(Az))
= (%(An) (o(z1), 0(22), -, o(an)).

Where

5 (0(0), o (22), oo} 5 [ ala)o(a)e-olan)e ™ [do).

@ Z(A): function of X\ (choice of Z()) is a difficult point).

° %gn): Schwartz function of \.

Zigeng Xia (Peking University) The Interpretability of DNNs Based on RG



Main results

RG on continuous field

The form of RG transformation:

1
T (0(2)) = Hra (ZN) 0 ().
When A—o0, if #Zx (o) has a limit Z*(0): the fixed-point Hamiltonian, its
characteristic parameters : the fixed point of corresponding characteristic

parameters in the system.
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Compatibility with the real space RG

Proposition (Cui, Gong, 2022)

For the Ising model without external field, using coarse graining as the RG
transformation, then for one step, the dilation parameter A = 2, the RGE with
respect to the 2-points correlation function is (here choose Z(\) =1):

g3 (21, 1) — T2, Az2) = B (31, 32). (5)

when the renormalization process goes on, let A = 2", n—oco then the
remainder R (z1,x2) tends to 0 exponentially.
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RG of the input data

We define a general form of the Hamiltonian:

# xRNSR
2 R N 2\71
% (0,0, N) = / () ey

Where the space of field X is the subspace of functions RN —»RY.

Input data:
1 R N _2\r
_ —> 1 0r(3i 1 27)
(z) Z(0) e .
Corresponding field:
o RYRY

oi(x) = z,i=1,2,---, N.
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Main results

RG of the input data

RG transformation: X o
Z‘iHZE()\)'XL,i:].,27"'7N. (6)

Transformation of characteristic parameters 6, are:

QTHQT.Z(A)T,%éej,T: 1,2,---,R

When A—o00, the limit of the characteristic parameters are the fixed points:

1

0720, 1m0 Z(N) 33,
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Main results

RG of the input data

RGE

%/(x(l))zl (x(2))’_{2~--(q:(n>)m” R 6.2 A2) (SN 2T dy dy--- day
A

_ Tg(A)%/Azzglw_@u))al($<2))a2__,($<n))zne—zf‘ 10 g g d
= RO (@D 4o o),

A—o00, condition: &\ = Z,
/(I(l))ﬁl(Z(Q))Ez...(x(n))ﬁne—Zf‘ 167 (i af)” dzy dzo---dzy

im0 (273 (WAZI m\)/ (D)7 (2)F2 . (oM = 1 00 ) 4y gy
=0.

Assume: non trivial parameter fixed points

Zigeng Xia (Peking University)

The Interpretability of DNNs Based on RG



Main results

Forward propagation as a RG transformation

General form of the Hamiltonian:

# Y xRExN=R

%(a,0, N) :/RNZLer(zilai(xf)"dx.
For the out put of neural network,
& RYRM
¢j(z) = Fi(z; W), j=1,2,- -, M.
Where F(x; W) is the network. e.g. the neural network without hidden layers:

Fy(z; W) = flmwr + 22wy + - - - + avwng + by), (7)

~ R~ M
(6,0, M) = 0! Fi(z; Wt)*)"d
o= [ ST BT AWy
partition function:

Z, = B / NI~ S TSI F WO g
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Main results

Forward propagation as a RG transformation

Rewrite:

7] . r 1
Z = By [/ eN!](t)‘fZﬁ:zei(Zjﬂil¢;($7Wt)2) dard‘/V(O’ é’if):l )
5 ¢

1
Non-canonical RG transformation:

6t — 0, 7(t) -~

t2r

RGE of n-points correlation function:

. . i _sR _gtisM . 2T 1
Eyt [/¢(z(1),W'/)K’lqa(z@),w'/)"'z‘.‘(i,(z("r)wa/)mne/\fg(t) T Ry 25 (WO o (;T)]
1

- /¢(1(1)7W1)E1¢(z(2)7wl>k’2“‘¢<z(n)’Wl>?0neNg(l)*J.EEZQQW‘(Z]J}il¢_7'(I,w1)2)rd1”d‘/1f<07 ei)
1

— g™ (D),

.....
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Main results

Method to construct the correspondence relation and result

Theorem 4 (Gong, X., 2024+)

Assuming characteristic parameters 6, > 0,r= 1,2, ---) R have fixed points
07;>0,7=1,2,-, R under the RG method based on scaling transformation.
The structure of the neural network is the fully connected network, training
algorithm is simulated annealing and 7(t) is chosen through Lemma 1. Then
dg(t)e C*°[1, +00) s.t.

Zi=Z,
RGE for output holds true, and

0rAlims 0l = 057 =1,2, -, R.
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Conclusion and future work

Conclusion

As an exploration direction in the theoretical study of interpretability of deep
neural networks, constructing a corresponding relationship between them and
renormalization group theory: intuitive, theoretically valid.

@ One dimensional Ising model on finite lattice

@ A class of data in exponential family
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Conclusion and future work

Future works

More general form of Hamiltonian:
@ Analysis of the stability of the fixed point:
H(3:0) = H(2:07) + N0-(%, (z,07)) + O(A6?).
Guess the fixed point of # = Ziler(zg\ilﬁ)r: Gaussian

@ Functional renormalization group method
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Conclusion and future work

Thanks!

Zigeng Xia (Peki iversity) The Interpretability of DNNs Based on RG



Conclusion and future work

Remarks

Stochastic gradient descent (SGD) algorithm:

daW" = —VL(W")dt + \/bea(W%dB“), £0,
J(W(t)) (W(t)) Z(W(t))
= 2% > (VUWY {a}) = VLW)(VIW, {z:}) = VLW™))T],

{zi}=%1
N M
(WO {zi}) = D (awl) +mpwl) +-+aywy)) — o wlj+ mws+-+avwiy;)) ), WO
j=1
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